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Abstract 

We introduce a construction of the differential calculus on the quantum su¬ 
pergroup GLp,j(l|l). We obtain two differential calculi respectively associated 
with the left and the right Cartan-Maurer one-forms. We also obtain the quan¬ 
tum Lie algebra of GLp,j(l|l). Although all of the structures we obtain are 
derived without an R-matrix they nevertheless can be expressed using an R- 
matrix. 
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I. INTRODUCTION 


In the last few years, the theory of quantum (super) groups^ has occured as 
a natural generalization of the notion of Lie groups. In other words, quantum 
(super) groups are particular deformations of Lie (super) groups. They are alge¬ 
braic structures depending on one (or more) continuous parameter q. We have a 
stardard Lie (super) group for a particular value of the deformation parameter. 
Quantum (super) groups present the examples of (graded) Hopf algebras. They 
have found application in diverse areas of physics and mathematics^. 

Quantum (super) groups can be realized on a quantum (super) space in which 
coordinates are noncommuting^. Recently the differential calculus on noncom- 
mutative (super) space has been intensively studied both by mathematicians 
and mathematical physicists. There is much activity in differential geometry 
on quantum groups. Throughout the recent development of differential calculus 
on the quantum groups two principal concepts are readily seen. First of them, 
formulated by Woronowicz^, is known as bicovariant differential calculus on the 
quantum groups. Another concept, introduced by Woronowicz® and Schirmacher 
et al ® proceeds from the requirement of a calculus only. There are many papers 
in this held^ (and references therein). We shall consider the second concept. 

The differential calculus on the quantum supergroups involves functions on 
the supergroup, differentials and differential forms. In ref. 8 a right-invariant 
differential calculus on the quantum supergroup GLg(l|l) has been constructed 
in a different way which may be considered as an alternative to the approach 
proposed earlier by Schmidke et al It is necessary to point out that in the 
work of ref. 8, the generating elements of Grq(l|l) have been interpreted 
as differentials of coordinate functions on the quantum supergroup GLg(l|l) 
(t = 6fiT, in the ref. 8 notation). Therefore, the relations of Grg(l|l) have been 
used in the beginning. In this work, we shall construct a left-(right-) invariant 
differential calculus on the two parametric quantum supergroup, GLp^g(l|l). All 
the relations will be obtained via some direct calculations and it will be shown 
that all relations can be rederived using the R-matrix approach. The differential 
structure obtained turns out to be a differential (graded) algebra. 

Let us briefly discuss the content of the paper. In the second section the basic 
notations of the Hopf algebra structure on the quantum supergroup GLp^q{l\l) 
are introduced. In the third section we shall obtain the commutation relations 
for the group parameters (the matrix elements) and their differentials so we have 
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a left differential algebra. We show that the obtained left (right) differential 
algebra (extended algebra) has a Hopf algebra structure. We also describe the 
quantum Lie algebra for the left vector helds (Lie superalgebra generators) for 
GLp g(l|l) and derive the commutation relations between the group parameters 
and the algebra generators. In the following section we propose a right differential 
calculus on the GLp ,j(l|l) and we again obtain the quantum Lie superalgebra of 
GLp^q(l|l). In the next section we show that the found results can be written with 
help of a matrix R. The classical limit p, q —1 of the left (right) differential 
calculus gives the undeformed differential calculus. 

II. REVIEW OF GLp,g(l|l) 

Elementary properties of quantum supergroup GLp^q{l\l) are described in^^. 
We state briefly the properties we are going to need in this work. 

The quantum supergroup GLp^q{l\l) is dehned by the matrices of the form 

r=(; 0) = (y) (1) 

where the matrix elements satisfy the following commutation relations^’^^ 

a/3 = q(3a, d/3 = q(3d, 

ay = pya, dy = pyd, (2) 

/3y+ pg"S/? = 0, /3^ = 0 = y^ 

ad = da + {p — q~^)'yP. 

Let us denote the algebra generated by the elements a, /3, y, d with the relations 
(2) by A. We know that the algebra .4, is a (graded) Hopf algebra with the 
following co-structures: 

1 . The usual coproduct 

A(T;) (3) 


2 . the counit 


£ : A 


C, 


3 . the coinverse (antipode) S : A 
S(T) = ( 


A 


a ^ + a ^/3d ^ya 


-1 


—a ^j3d ^ 
d~^ + d“^ya“^/3d“^ 


—d ^ya ^ 


( 4 ) 

( 5 ) 
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It is not difficult to verify the following properties of the co-structures: 

(A (g) id) o A = [id (g) A) o A, (6a) 

yu o (e (g) id) o A = /i' o (id (g) e) o A, (6b) 

m o (S' (g) id) o A = £ = m o (id (gi 5') o A, (6c) 

where id denotes the identity mapping, n ■. C ® A — A, fj! ■. A® C —A 


are the canonical isomorphisms, dehned by n{k ® a) = ka = fi'{a ® k), Va G 
A, \/k E C and m is the multiplication map m : A® A — A, m{a®b) = ab. 

The multiplication in A® A follows the rule 

{A ®B){C®D) = (-1)^™^)AC ® BC (7) 

where p{X) is the 2 ; 2 -grade of X, i.e. p{X) = 0 for even variables and p{X) = 1 
for odd variables. 

III. LEFT DIFFERENTIAL CALCULUS ON GLpq(l|l) 

In this section, we shall build up the left-invariant differential calsulus on 
the quantum supergroup GLp^q{l\l). The differential calculus on the quantum 
supergroups involves functions on the supergroup, differentials and differential 
forms. It is necessary to point out that, to obtain the needed commutation 
relations for the differential calculus we shall not use any specihc assumptions. 
They will be found from natural ways. 

A. Left differential algebra 

We hrst note that the properties of the left exterior differential. We can 
introduce the left exterior differential 6l to he a C-linear operator that is nilpotent 
and obeys the graded Leibniz rule: 


6l = 0, (8a) 

and 

h(f9) = {f9)h= fihg) + (-ig’t&Us (8b) 

where / and g are functions of the group parameters. 

We have seen, in the previous section, that A is an associative algebra gener¬ 
ated by the matrix elements of (1) with the relations (2). A differential algebra 
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on ^ is a Z 2 -gTaded associative algebra F^ equipped with a linear operator 6l 
given (8). Also the algebra F l has to be generated by ^ U SlA. 

Firstly, we wish to obtain the relations between the matrix elements of T in 
(1) and their differentials. To do this, we shall use the method of ref. 8. So we 
denote by Aap the algebra generated by the elements a and [3 with the relations 

ajd = q(3a, = 0. (9) 

If we consider a possible set of commutation relations between generators of Aaq 
and of the form 

a Slo, = Aibid a, 

a 5 lI3 = FuSlP a + /?, ( 10 ) 

P dia = F 2 idLa P + F225lP a, 

P 3lP = BiSlP P, 

then we can determine the coefficients A, B and Fij in terms of the complex 
deformation parameters p, q. To determine them we use the consistency of 
calculus (see, for details, ref. 8). Continuing in this way, we can obtain the other 
relations. The hnal result is given by 

Sia a = pqa d^a, 

dia P = -qP Sia + (1 - pq)a SlP, 

SLtt j =-pj 6La+{1 - pq)a Sl'j, ( 11 ) 

dia d = d dia + (g"^ - p)[qp~^P 5 l 7 - 7 5lP + {p~^ - q)a did], 

5 lP a = pa 6 lP, SlP 7 = ^lP + {p - q~pa did, 
d^P P = P diP, diP d = q~^d diP + {p~^q~^ - l)P did, 
di'J a = qa dij, dLl P = qp~^P <^1,7 + {p~^ - q)a did, 
dll 7 = 7 dij d = p~^d dLj + {p~^q~^ - 1)7 ^Ld, 

did a = a did^ did P = —p~^P did, 
dhd 7 = —g~^7 did, did d = p~^q~^d did 

Note that, for each possible set of the form (10) the emerged equation systems 
admit, of course, at least two solutions. In other words, the relations Aaq — diAaq 
appearing in eqs. (11) are not unique. For example, the equation 

F 12 F 22 = 0 = (Fii — gAi)F22, 
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which follows from the consistency of calculus, admits two solutions. Here, we 
choose F 22 = 0. We also note that the coefficients Ai and Di (from d did = 
Didid d) are, essentialy, undetermined. Howover, we have taken them as Ai = 
p~^q~^ and Di = A^^ since these lead to the standard R-matrix [see, eq. (69)]. 

To find the commutation relations between differentials, we apply the exterior 
differential 6l on the relations (11) and use the nilpotency of 6 l- Then it is easy 
to see that 

diadLP = p~^6LPSLa, ^LddLfd = p~^6L(3SLd, 

= q~^5L^5La, diddij = q~^SL'ySLd, ( 12 ) 

diadid = —diddici, = 0 = {SidY, 

+ (p - q~^)6Ld5La. 

These relations are the relations of Grp^g(l|l) in ref. 12, where a = dia, b = 6 lP, 
etc. 


Thus we have constructed the differential algebra T^ = AVbdiA of the algebra 
generated by the matrix elements of any matrix in GLp,j(l|l). 

B. Hopf algebra structure on T^ 

We first note that consistency of a differential calculus with commutation 
relations (1) means that the algebra T is a graded associative algebra generated 
by the set {a,..., d, dia, ..., did}. So, it is sufficient only describe the action of 
co-maps on the subset {diO,..., did} which is dehned in^^. 

We consider a map Pr-.Vl —T 2 , ® ^ such that 

Pro di = {di ® id) o A. (13a) 

Thus, we have 

PnidLo) = dLa®a + diP ® 7 , 

4>r{^lP) = dLP ® d + dRtt® P, (14a) 

pRidi'y) = dij ^a + did (g) 7, 

pR{dLd) = did ®d + dLj (g) p. 

We now dehne a map Ar as follows: 

Ar^uAlVi + dLV2U2) = A{ui)pR{dLVi) A pR{dLV2)A{u2). (15) 
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Then it can be checked that the map An leaves invariant the relations (11) and 
(12). One can also check that the following identities are satished: 

{Ar ® id) o Ar = {id ® A) o Ar, {id 0 e) o Ar = id. (16a) 

But we do not have a coproduct for the differential algebra because the map (j)R 
does not gives an analog for the derivation property (8b), yet. So we consider 
another map (pi ■ ^ ^ ® T^ such that 

o hi = (r (g) 6l) o a, (13b) 

where r : T^, —T^ is the linear map of degree zero which gives r(a) = (—l)P’^“^a. 
The action of on the generators Sna, Sl/3, Sr"/ and did as follows: 

4>L{dLa) = a®5La- (3® SrI, 

(f)R{SR(3) = a® Sr( 3 - (3 ® SRd, (14b) 

0l(5l7) = -7 ® + d® Sr'j, 

4>L{dRd) = d® SRd - 7 (g) SrP- 

We dehne a map Ar with again (15) by replacing L with R. The map Ar 
also leaves invariant the relations (11) and (12), and the following identities are 
satisfied: 


{id ® Ar) o Ar = {A ® id) o Ar, (e (g) id) o Ar = id. (16b) 

Let us define the map A as 

A = A^, + Ar (17) 

which will allow us to define the coproduct of the differential algebra. We de¬ 
note the restriction of A to the algebra by A and the extension of A to the 
differential algebra T^ by A. It is possible to interpret the expression 

Au = a ( 18 ) 

as the dehnition of A on the matrix elements and (17) as the dehnition of A on 
differentials. 

Note that it is not difficult to verify the following identities: 

{AR®id) o Ar = {id® Ar) o Ar, (19a) 
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and for all m G ^ 


{t Sl) o A{u) = Aiihu), {SL^id) o A{u) = Ar{ 6 lu). (19b) 

Note that the coproduct can be interpreted as a (left and right) coaction of 
the quantum supergroup GLp_q(l|l) on the differential forms, since the extended 
algebra is interpreted as an algebra of differential forms on GLp^q(l|l). 

Now let us return Hopf algebra structure of F l. If we dehne a counit e for 
the differential algebra as 

€oSi = 5Loe = 0 ( 20 ) 

and 

eU = e|r = e (21) 

we have 

eiSia) = = K^bd) = 0 , ( 22 ) 

where 

e{ui5LVi + SLV 2 U 2 ) = e{ui)e{SLVi) + e{SLV 2 )e{u 2 ). (23) 

Here we used the fact that 5 l(1) = 0. 

The next step is to obtain a coinverse S. For this, it suffices to dehne S such 
that 

So5l = SloS (24) 

and 

FU = 5|r = ^ (25) 

where 

S{ui 6 lVi + 6 LV 2 U 2 ) = S{ 6 lVi)S{ui) + S{u 2 )S{SlV 2 ). (26) 

Thus the action of S on the generators 5^0, Sifd, and is as follows: 

Si^La) = {-Adia + B5l^)A - {Adifd - BSLd)C, 

S{h(d) = {-AdLa + B5li)A - {A 6 lP - B5Ld)D, (27) 

S{hl) = {CSLa - D5 li)A + - D6Ld)C, 

S{SLd) = {CdLa - D5 li)B + - DSLd)D. 

Note that, it is easy to check that e and S leave invariant the relations (11) 
and (12). Gonsequently, we can say that the structure (F^,, A,d, S') is a graded 
Hopf algebra. 
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C. The left Cartan-Maurer one-forms in 

As in analogy with the left-invariant one-forms on a Lie group in classical 
differential geometry, one can construct the matrix valued one-form VLl where 

Each element of is left-invariant. For, if T' is any fixed element of GLp^q(l|l), 
the left translation by T' is given by 

T —^ T'T, 

while 

{T'T)-^5l{T'T) = T-^5lT. 

This allows us to make explicit calculations in many important groups. 

If we set 

r-‘ = (^ 1) (29) 

as the superinverse [see, eq. (5)] of T G GLp^g(l|l), we write the matrix elements 
(left one-forms) of as follows 

9i = Adia + BSlI) = A5l( 3 + Bdid, 

02 = DSlcI + C5l(3, U2 = C6La + D6 lJ. (30) 

In this section, we wish to obtain the commutation relations between the 
generators of A and one-forms, and so the relations between one-forms. For this 
reason, we need the commutation relations of the matrix elements of T and T~^. 
Some calculations give the commutation relations between them as follows: 

aA = pqAa -|- 1 — pq, dA = Ad, 

aD = Da, dD = pqDd -|- 1 — pq, 


aB = qBa, 

dB = qBd, 


aC = pCa, 

dC = pCd, 


(3 A = qA(3, 

7 A = pAy, 

(31) 

(3D = qD/3, 

'jD = pD'y, 


(3B = B(3, 

yi? = —pqBj, 
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( 3 C = -pqcp, -fC = C-f. 


Using these relations, we now find the commutation relations of the matrix 
entries of T with those of : 

ditt = pqaOi + {pq - 1)/3'U2, 

ei(3 = -(39i + (1 - pq)aui - p~^q~^{pq - if (392, 

6*17 = -PQlGi + (1 - pq)du2, 

9id = d9i + {pq - l)-fUi + p~^q~^{pq - lfd92, 
uia = paui + {p - q~f/392, 

Uifd = q~^(3ui, Uid = q~^dui, 

ua = qryui + {p - q~fd92, ( 32 ) 

U2a = qau2, ^27 = qiU2, 

U 2/3 = P~^(3u2 + {p~^ - q)a92, 

U2d = p~^du2 + {p~^ - (?) 7 ^ 2 , 

92 a = a92, 92(3 = -p~^q~^(392 

921 = - 7 ^ 2 , 92d = p~^q~^d92, 

To obtain commutation relations among the left Cartan-Maurer one-forms, 
we shall use the commutation relations of the matrix elements of T~^ with the 
differentials of the matrix elements of T which are given in the following 

dia A = p~^q~^AdLa + {p~^q~^ - 1)[B5l1 - CSl( 3 + {pq - fDSid], 

Sia B = -p~^B6La + {q - p~fD6L(3, 
dia C = -q~^C5La + {p - q~fD5Ll, 

Slo, D = Ddia, 

5lI3 a = p~^A6l( 3 + {p~^ - q)B5Ld, 

6lI 3 B = qp-^B6LP, 5 lP D = qD6LP, 

5lP C = C6lP + (1 - pq)D6Ld, 

6 l1 a = q~^A6Ll + {q~^ - p)CSLd, 

6l1 B = B5l1 + (1 - pq)D6Ld, 
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hi C = pq~^C5Ll, hi D = pD6l1, (33) 

Sid A = ASid, did B = —qBdid, 
did C = —pCdid, did D = pqDdid. 

Using these relations, we obtain the commutation relations of the left Cartan- 
Maurer forms with the differentials of the matrix elements of T as follows: 

OidLtt = -dia 6i + {1 - p~^q~^)dLP U2, Oidid = -did 9i, 

didifd = difd 9i, 9idLl = dil 9i + {p~^q~^ - ^did U 2 , 

UidLtt = q~hLa ui + {p- q~^)dLP ( 6*1 - 92 ), Uidifd = pdifd 
UidLd = pdid ui, uidil = pdil ui +{p-q~^)dLd {9i- 92 ), (34) 

U2dLa = p~^dLa U 2 , U2dL(d = p~^dL(d U 2 , 

U2dLl = P~^dLl U2, U2dLd = p~^dLd U2, 

92dLa = -dia 92 + (I - P~^q~^)dL/3 U 2 , 

92dLi = dll 92 + {p~^q~^ - hdid M 2 , 

92dLl3 = difd 92, 92dLd = —did 92- 

We now obtain the commutation relations of the left Cartan-Maurer forms 

Ui9i = pq9iUi + (1 - pq)92Ui, Ui92 = 6 ' 2 'Ui, 

9iU 2 = pqu29i + (1 - pq)u292, ^ 26*2 = 6 * 2 ^ 2 , 

dl = (pq - 9l = 0, (35) 

U 1 U 2 = pqu 2 Ui, 9x92 + ^ 2^1 = {pq - 1 )m 2 Mi- 

Note that one can check that the action of on (32) and also (34), (35) is 
consistent. These relations allow to evaluate the Lie algebra of GLp,j(l|l) via 
the generators of Lie algebra related to the left one-forms. 

D. Quantum superalgebra 

The commutation relations of Cartan-Maurer forms allow us to construct the 
algebra of the generators. To obtain the quantum Lie superalgebra of the Lie 
algebra generators, using (30) we hrst write the left Cartan-Maurer forms as 

dLa = a9x + Pu 2 , <5^/? = awi-t-/36*2, 
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Sid = d92 +-yui, = ■yOi + du 2 . (36) 

The left differential 6 l can then the expressed in the form 

6 l = T^ei + T^e 2 + V^ui + V^_U 2 . (37a) 

Here T^, and are the quantum Lie algebra generators. We now shall 
obtain the commutation relations of these generators. To do this, let us consider 
an arbitrary function / of the matrix elements of T and write the eq. (37a) as 
follows: 

Sl! = (fThe, + (/Vf)u.. (37b) 

where 

e { 61 , 62 ], U, e {UI,U 2 }, Vf e {V^,V^}. 

Using the nilpotency of the left exterior differential 6 l one has 

{fTf^) 6 L 6 , + {fVf)d,u, = (/7t^)(i;^0^. + Vj^«,)0.-(/Vf)(i;^0,+V>,)«.. (38) 

So we need the four two-forms. To obtain these, using the nilpotency of the left 
differential 6 l, we can write SlQl of the form 

~ (0 —1)’ 

In terms of the two-forms, these become 

= d\ - U1U2, 6 lUi = 6iUi - U162, 

6162 = 6 l - U 2 U 1 , 6 lU 2 = 62 U 2 - U 261 . (40) 

We can now write down the Cartan-Maurer equations in our case 

/ 5l6i dLUi\ ^ f -U 2 U 1 -{ 6 i- 62 )ui\ , . 

\5lU2 6 L 62 ) \p~^q~^{ 6 i- 62 )u 2 -U 2 U 1 )' 

Using the Cartan-Maurer equations we hnd the following commutation relations 
for the quantum Lie algebra: 

[T^,V^] = -V^ + (l-pg)T,^V^, 

[Ti,Vl]=Vl-{l-pq)T[V^^, 

[T^,V^]=V^-(l-pg)V^T^, 

[T 2 ^ V^] = -V^ + (1 - pg) V^T/-, (42) 

+ pgV^V^ = + (1 - pg)T/'(T/' - T^), 

[T/',T2^] = 0, (vi)2 = o 
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or with new generators + T 2 and — T^-, 

[X^Vi] = 0, [X^F^] = 0, (Vi)2 = 0, 

[y^, V:^:] = -2X1 + (1 - + >""')V+, (43) 

[y^, V^] = 2V^ - (1 - pq)X^{X^ + Y^), 

+ pqX^X^ = X^ + + Y^)Y^. 

We also note that the commutation relations (42) of the Lie algebra gen¬ 
erators should be consistent with monomials of the matrix elements of T. To 
proceed, we must evaluate the commutation relations between the generators 
of Lie algebra and the matrix elements of T. The commuation relations of the 
generators with the matrix elements can be extracted from the Leibniz rule: 

hifa) = ifa)6L= fiha) + {hf)a 

aiT^Oi + X^Ui) = Sia + {Tl^9i + VfM*)a, (44) 

etc. This yields 

aT^ = a + pqT^a, aV+ = pX^a, 

= T^a + {p - g"^)V+/?, 
aX^ = /3 + qX^a + {pq — 1)T^I3, 

^TL = p^L ^ 

= (3 + p-^q-%^f3 +{q- p-^)[X^_a + {p - q-^)T,^P], 

PX^ = a- q-^X^P + {pq - l)T^a, (45) 

7T1 = 7 + PQT^^I, 7V+ = -pV+ 7 , 
jT2^ = T2^j+{q-^-p)X^^d, 

7V^ = d — qX^'y + {pq — 1)^1^^, 
dT/' = T/'d, dV^ = p~^X^d, 
dT^ =d + p-^q-^T^d + {q - p~^)[{p - q~^)T^d - X^j], 
dV+ = 7 -h q~^X^d + {pq - l)Tj^7- 

Notice that these commutation relations must be consistent. In fact, for 
example, it is easy to see that the nilpotency of (V^)^ is consistent with 

{X^fa = p-^a{Xl)\ {X^fa = q-^a{X^f. 

Similarly, one can check the other relations. 
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IV. RIGHT DIFFERENTIAL CALCULUS ON GLp,<,(l|l) 

In this section, we shall build up the right-invariant differential calculus on 
the quantum supergroup GLp^q{l\l). 

A. Right differential Algebra 

We hrst note that the properties of the right exterior differential. The basic 
differential operator which is linear and satishes the standard properties as 
follows: the nilpotency 

= 0 (46a) 

and the graded Leibniz rule 

iRda) = ( i 5«/)9 + J(Sr9) (46b) 

where / and g are functions of the group parameters. 

In Analogy with previous sections let us begin obtaining the commutation 
relations of the group parameters with their differentials. Using the method of 
sec. 3.1 we obtain the commutation relations between the generators of A and 
their right differentials (the generators of 5rA) as follows: 

a Sru = pqSRtt a, a 5 r(3 = q5R(3 a + {pq — l)SRa /?, 

a Sr^ = pdR-f a+ {pq- 1 ) 5^0 7 , 
a 6Rd= 6Rd a+ {p- q~^)[SR'y (3- qp~^5R(3 7 -h {q-p~^)5Ra d], 
j3 dRtt = -pdRtt /?, f3 SrP = 5rP P, 

P Sr'j = pq~^SR'y P+ {p- q~^)SRa d, 

P SRd = -q~^dRd P+{1- P~^q~^)dRP d, 

7 Srq = -qdRtt 7 , 7 Sr'j = Srj 7 , 

7 ^rP = qp~^3RP 7 -h {p~^ - q)dRa d, (47) 

7 SRd = -p~^SRd 7 + (1 - p~^q~^)SR'y d, 
d Sru = Sru d, d SrP = p~^SrP d, 

d Srj = q~^SR'y d, d SRd = p~^q~^SRd d. 

To hnd the commutation relations between differentials, we apply the exterior 
differential Sr on the relations (47) and use the nilpotency of Sr. They are the 
same with ( 12 ), as expected. 
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Thus we have constructed the right differential algebra Tr = SrA of the 
algebra generated by the matrix elements of any matrix in GLp^q(l|l). Again,the 
structure is a graded Hopf algebra provided that subscript R re¬ 

placing with L in sec. 3.B. 

B. The right Cartan-Maurer one-forms in Tr 

As in analogy with the right-invariant one-forms on a Lie group in classical 
differential geometry, one can construct the matrix valued one-form where 

nR = 5RTT-\ (48) 

Then we write the matrix elements (right one-forms) of VLr as follows 
wi = ^RttA + SrPC, Vi = 5RaB + Sr/3D, 

W2 = 5r')B + SrcID, V2 = SrjA + 6RdC. (49) 

The commutation relations of the matrix elements of T and T~^ are given 
by (31). Using (31), we now hnd the commutation relations of the matrix entries 
of T with those of Qr : 


awi = pqwia, avi = qvia, 
av2 = pv2a + {p- q~^)wi'y, 
aw 2 = W 2 a + pq~^{q - p~^)‘^Wia -h ip~^q~^ - l)^'l7, 

/3wi = —pqwi/3, (3vi = qviP, 

/3v 2 = pv2/3 + {p - q~^)wid, ( 50 ) 

(3w2 = -W 2 (d - pq~^{q - p~^fwi(3 + (1 - p~^q~^)vid, 

ytci = -tci7, 7Ui = p“^ui7 {p~^ - q)wia, 

7^2 = g"^n27, 7tC2 = -p~^q~^W2l + (1 - p~^q~^)v2a, 
dwi = Wid, dv 2 = q~^V 2 d, 
dvi = p~^vid + {p~^ — q)wi(3, 
dw2 = p~^q~^W2d + {p~^q~^ - l)u 2 /?. 

To obtain the commutation relations among the right Cartan-Maurer one- 
forms, we use the commutation relations of the matrix elements of T~^ with the 
differentials of the matrix elements of T which are given in the following 

AdRa = p~^q~^5RaA^ AdRd = dRdA, 
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A5rI 3 = q ^SrI3A, ASrj = p ^SR-fA, 

D6r(i = 6rclD, 

DdRd = pqdRdD + {1 - pq)[6RPC - SrjB + {1 - p~^q~^)dRaA], 

DSrP = p5rPD + {p- q~^)6RaB, 

DdRj = qdR-fD + {p - p~^)6RaC, 

BSru = -q~^dRaB, BSrj = SrjB + {p~^q~^ - l)dRaA, (51) 

B6rP = pq~^6RPB, BSRd = -pdRdB + {q~^ - p)6rPA 

CdRtt = -p~^6RaC, C5 rP = 5rPC + (1 - p~^q~p5RaA, 

CSrJ = qp~^dR-fC, CSRd = -qdRdC + {p~^ - q)dR-fA. 

Using these relations, we obtain the commutation relations of the right 
Cartan-Maurer forms with the differentials of the matrix elements of T as follows: 

widRtt = -Sru wi, wi6rj = 6rj wi, 

wi 6 rP = 6 rP tci + (1 - p~^q~p 6 Ra vi, 
widRd = - 6 Rd wi + {p~^q~^ - 
viSru = q~^ 6 Ra vi, vi 6 rP = q~^ 6 RP vi, 
viSrj = q~^6Rj vi, vidRd = q~^6Rd vi, (52) 

V2dRa = qdRtt V 2 , V 26 R'y = qdRj V 2 , 

V 2 dRP = qSRp V 2 + {q- p~^)SRa {w 2 - Wi), 

V2dRd = qdRd V2 + {q- p~^)dR^ Wi, 

W2dRa = -Sru W2, W 26 rP = SrP W2 + {I- p~^q~^)6Ra vi, 

W 2 SR'y = Srj W 2 +p~^q~^{pq - if^Rj wi, 

W 2 SRd = -pqdRd W 2 + {pq - l)5ijd Wi +p~^q~^{pq - ifdRj Vi. 

We now obtain the commutation relations of the right Cartan-Maurer forms 

WiVi = ViWi, V 1 W 2 = pqw2Vi + (1 - pq)viWi, 

W1V2 = V2W1, W2V2 = pqv 2 W 2 + (1 - pq)wiV 2 , 

wl = 0, wl = {1- pq)v2Vi, (53) 

V 1 V 2 = pqv2Vi, W 1 W 2 + = (1 - pq)v2Vi. 
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Note that one can check that the action of Sr on (50), (52) and also (53) is 
consistent. These relations allow us to evaluate the Lie algebra of GLp^q(l|l) by 
relating the generators of the Lie algebra to the right one-forms. 

C. Quantum superalgebra 


The commutation relations of Cartan-Maurer forms allow us to construct the 
algebra of the generators. To obtain the quantum Lie superalgebra of the Lie 
algebra generators we first write the Cartan-Maurer forms as 


Sru = Wia + Vi'y, 

Sr (3 = wi (3 + vid, 


SrcI = W 2 d -f V2I3, 

Sr') = W2') + V 2 a. 

(54) 

The differential Sr can then the expressed 

in the form 


Sr = wiTi + W2T2 + niV+ -f V2V-. 

(55) 


Here Ti, T 2 and V± are the quantum Lie algebra generators. We now shall 
obtain the commutation relations of these generators. Considering an arbitrary 
function / of the matrix elements of T and using the nilpotency of the exterior 
differential 5r one has 


{Srw,)TJ + { 6 rv,)VJ = w, 6 rTJ - v, 6 rVJ, (56) 


where 


Wie{wi,W2}, Vie{vi,V2}, Vie{V+,V_}. 


So we need the four two-forms. To obtain these, using the nilpotency of the 
differential 5r, we can write 6 rQr of the form 


Sr^r — (TsC/jasCij, as 
In terms of the two-forms, these become 



(57) 


6rWi = wl- V1V2, SrVi = WiVi - V1W2, 


SrW 2 = wl - V 2 V 1 , 5rV2 = W 2 V 2 - V 2 W 1 . 

We can now write down the Cartan-Maurer equations in our case 

I 6 rVj \ / -V1V2 Pq{Wl - W2)Vl \ 

\SrV2 SRW 2 J \-{Wi-W2)V2 -V 1 V 2 ) 


(58) 


(59) 


Using the Cartan-Maurer equations we hud the following commutation relations 
for the quantum Lie algebra: 


[7^1, V+] = -pqV+ + {pq - 1)T2V+, 
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[Ts, V+] = pgV+ - {pq - 1 )T 2 V+, 

[Ti, V_] = pqV- - {pq - 1 )V_T 2 , 

[Ts, V_] = -pqV- + {pq - 1 )V-T 2 , (60) 

[Ti,T2] = 0, v1 = 0 

V_V+ +p-^g-V+V_ = Ti + T 2 + (p-'g-i - 1)(T| + T 1 T 2 ) 
or with new generators X = Ti + T 2 and Y = Ti — T 2 , 

[x,v±] = o, [x,y] = o, vl = o, 

[y, v+] = -2pgV+ + {pq -1){X- y)V+, 

[y,V_] = 2pgV_-(pg-l)V_(X-y), (61) 

V+V_+pgV„V+ =pgX + ^^(X2-Xy). 

The commutation relations (60) of the Lie algebra generators should be con¬ 
sistent with monomials of the matrix elements of T. To do this, we evaluate 
the commutation relations between the generators of Lie algebra and the ma¬ 
trix elements of T. The commuation relations of the generators with the matrix 
elements can be extracted from the Leibniz rule: 

SR{af) = {SRa)f + a{6Rf) {wiTi + ViXi)a = Srr + a{wiTi + n^Vj), (62) 
etc. This yields 

Tia = a + pqaTi + {p - g"^)[(g - p~^)aT 2 + 7 V_], 

Ti(3 = (3 + pqf5T^ + {p- g-')[(g - p-^)(3T2 - dV_], 

Ti 7 = 7 T 1 + {p-^ - g)aV+, 

Tid = dTi + {p-^ - g)/3V+, 


aT2, 

T 2 I = l + p ^q 


PT 2 , 

T2d = d + p~^q~^dT2, 

(63) 


V+a = 7 gaV+ + {p ^q ^ - 1)7^2, 
X+(3 = d- q(3X+ + {p-^q-^ - l)dT 2 , 
V+7 = -p"SV+, X+d = p-^dX+, 
V_a = paV_, X-j 3 = —pPX-, 
V_7 = a - g“SV_ -h {p~^q~^ - l)aT2, 
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V.d = f3 + q-^dV- + - 1)/3T2. 

Notice that these commutation relations must be consistent. In fact, for 
example, it is easy to see that the nilpotency of is consistent with 

V?_a = p^aV?_, V\a = q^aV\. 

Similarly, one can check the other relations. 

V. R-MATRIX APPROACH 

In this section we wish to obtain the relations (11), (12), (32), (34) and 
(35) with the help of a matrix R that acts on the square tensor space of the 
supergroup. Of course, the matrix i? is a solution of the quantum (graded) 
braided group equation. 

We hrst consider the quantum superplane and its duah. The quantum su¬ 
perplane Ap is generated by coordinates x and 6*, and the commutation rules 

x6 = p6x, 9“^ = 0. (64) 

The quantum (dual) superplane A* is generated by coordinates y? and y, and the 
commutation rules 

i/ = 0, ipy = q~^yy^. (65) 

We demand that relations (64), (65) are preserved under the action of T, as a 
linear transformation, on the quantum superplane and its dual: 

T:Ap^Ap, T:A;^ A;. (66) 

Let X = {x,9y and X = [^p,yy. Then, as a consequence of (66) the points TX 
and TX should belong to Ap and A*, respectively, which give the relations (2). 

Similarly, let us consider linear transformations 5i,T with the following prop¬ 
erties 

5lT : Ap ^ a;, 5lT : A^ ^ Ap. (67) 

Then the points {6 lT)X and {6 lT)X should belong to A* and Ap, respectively. 
This case is equivalent to (12). 

Note that the relations (64) can be written as follows 

X ® A = q-^RX 0 X, (68) 


19 



where 


/ Q 

0 

0 


0 

q — p~^ 

1 

0 

0 

qp~^ 

0 

0 


0 

0 

-p“V 


(69) 


We can also write mixed relations between the component of X and X as follows: 


0 X = pRx ® X, 


(70) 


where X = 6 lX. 


Using (66) together with (68) and (70), we now derive anew the quantum 
supergroup relations (2) from the equation 

RT,T2 = T 1 T 2 R, (71) 

where, in usual grading tensor notation, Ti = T ® I and T2 = I ®T . Similarly 
using (70), we obtain the following equation 

Ti6l{T 2) = qp-^R-HLTiT!,R-\ T' = (72a) 

which is equivalent to the relations (11). Note that 

6 l{T2) = -{5lT)2. (73) 

So, the equation (72a) can be written as 

Ti{5lT) 2 = -qp-^R-^5LT^T!,R-\ (72b) 

Applying the left exterior differential 5l on boht side of (72) one has 

hTiMT2)]' = qp-^R-HLT,5L{T!,)R-\ (74) 

which gives the relations (12). Taking 5lT = and using (72) one obtains 

= -pq-^T2m2R, (75) 

which gives the relations (34). Finally, from (74) we hnd that 

niMT2)]' = 6 l{T2 )M',R-^ (76) 

and from (76) 

m2m'^ = -qp-^n2m'^R-^. (77) 

These equations are equivalent to (34) and (35), respectivelly. Similar formulas 

can be also derived for the right commutation relations. 
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VI. CONCLUSION 


To conclude, we introduce here commutation relations between the group 
parameters and their partial derivatives and thus illustrate the connection be¬ 
tween the relations in Sec. HID and in Sec. IVC, and the relations which will 
be now obtained. 

To proceed, let us first obtain the relations of the group parameters with 
their partial derivatives. We know that the right exterior differential Sji can be 
expressed of the form 

SrJ = i^RO-da + SrPOp -1- (5_r7C?7 -I- SRddd)f- (78) 

Then, replacing / with af, etc. we obtain the following commutation relations 
daa = l+ pqada + {pq - 1)[(1 - p~^q~^)ddd + (idp + 7 ^^,], 
daP = p(3da + {q~^ - p)dd^, 


daj = qjda + (g - p~^)ddp, 

Of^d dO(xj 


dpa = qadp + {p~^ - q)jdd, 

dpd = p~^dd0^ 


dpP = 1- (3dp + {p~\~^ - l)ddd, 

7 

1 


d^a = pady + {p — Q~^)Pdd, 

d^P = —pq ^Pd^, 


d^j = l-jd^ + {p~^q~^ - l)ddd, 

d^d = q~^dd^, 

(79) 

ddtt = add, ddP = 

q~^Pdd, 



ddl = P ^jdd, ddd=l+p ^q ^ddd- 

We thus hnd the commutation relations between the derivatives. These relations 
can be obtained by using the nilpotency of the right exterior differential 6 r and 
they have the form 

dadp = p~^dpda, dddp = p~^dpdd, 

dad^ = q~^d^da, ddd^ = q~^d^dd, 

dpd^ = -pq~^d^dp, dp = 0 = d^, (80) 

dadd = ddda + {p- q~^)d^dp. 

The (graded) Hopf algebra structure for d is given by 

^{da) =da®da + dp® 8^, = da® dp + dp® dd, 
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( 81 ) 


A{dd) = dd®dd + dfd, A{d^) = d^® da + dd® d^, 

e{da) = l = e{dd), e{dfd) = 0 = e{d^), 

S{da) = d-^ + d-^df3da^d^d-\ S{df3) = 

S{dd) = + da^d^d-^dpdj\ S{d^) = -dj^d^d-\ 

provided that the formal inverses d~^ and exist. However these co-maps do 
not leave invariant the relations (79). 

We know, from Sec. IVC, that the right exterior differential 6 r can be ex¬ 
pressed in the form (55), which we repeat here, 

= {wiTi + niV+ -I- V2'V- + W2T2)f. (82) 

Considering (78) together (82) and using (54) one has 

Ti = ada + pdfd, V+=-fda +ddi3, 

T 2 = ddd + 'fd^, V_ = ad^ + /3dd. (83) 

Using the relations (79), (80) one can check that the relations of the generators in 
(83) coincide with (60). It can also be verihed that, the action of the generators 
in (83) on the group parameters coincide with (63). 

Above, we noted that the right exterior differential must be placed before the 
right derivatives. With a similar consideration, we can say that the left exterior 
differential must be placed after the left derivatives: 

dif = fidadRtt + d^5R/3 + d^^SR'y + d^dRd). (84) 

Replacing / with fa, etc. we get the following relations 

ad^a = 1 + pqd^a, ad^ = d^a, 

adp = pdj^a, adl^ = qdl^a, 

(3da = qdatd, Pdj^ = 1- d^/3 + {pq - l)d^a, 

(3d^ = -qp-^d^;P, (3d^ = p-^djiP +{q- p-')a>, 

= pdal, 7 ' 9 ^' = 1 - + {pq - l)dj^a, 

idp = -pq~^d^-f, yaf = 7 + {q-^ - p)d^pa, 

dda = dad. dd^ = q-^d^d + {p - g"^)af' 7 , (85) 

dd^^ = p~^d!^d + {p~^ - q)d^(3, 
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dd^ = l+p ^d^d+{l-p ^)[{l - pq)d^a + d^(d + 

The commutation relations between the left derivatives are the same with (80). 

Finally, expressing the left exterior differential of the form (37b) and com¬ 
paring (84) by help of (36) we have 

Tt = dta + a^'i, Vt = dpi + 8^1, 

rf = s^/3 + did, Vi = di!} + aid. (86) 

Using these with (85) one can check the relations (42) and (45). 

VII. DISCUSSION 

The starting point of the present paper is to evaluate the (p, g)-commutation 
relations of the matrix elements with their differentials. Later, using these rela¬ 
tions the (p, g)-commutation relations of the matrix elements with the Cartan- 
Maurer forms are obtained without any further assumptions. The commuta¬ 
tion relations of the Cartan-Maurer forms are not obtained by using the (p, q)- 
commutation relations of the matrix elements with the Cartan-Maurer forms, 
i.e., to obtain the desired commutation relations we have not applied the exte¬ 
rior differential 5 on the relations of the matrix elements with the Cartan-Maurer 
forms. Applying the exterior differential 5 on the relations of the matrix elements 
to the Cartan-Maurer forms, gives the required objects. In this work we have 
derived the (p, g)-commutation relations between the matrix elements and their 
differentials without considering an R-matrix at hrst. However we later showed 
that these relations can also be derived using an R-matrix. 
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